Let G be an Eulerian bipartite digraph with vertex partition sizes m, n. We prove the following Turán-type result: If e(G) > 2mn/3 then G contains a directed cycle of length at most 4. The result is sharp. We also show that if e(G) = 2mn/3 and no directed cycle of length at most 4 exists, then G must be biregular. We apply this result in order to obtain an improved upper bound for the diameter of interchange graphs.
Introduction
All graphs considered here are finite, directed, and contain no parallel edges. For standard graph-theoretic terminology the reader is referred to [1] . In this paper we consider the most basic Turán-type problem in bipartite digraphs, namely, specifying conditions on the cardinality of the edge-set of the digraph that guarantee the existence of a directed simple cycle of length at most four. As usual in Turán type problems in directed graphs, one must impose constraints relating the indegree and outdegree of a vertex in order to avoid trivialities (if no such constraints exist then one may not have short directed cycles at all even if the graph is very dense, the extreme case being an acyclic orientation of a complete bipartite graph). The most interesting and natural constraint is the requirement that the digraph be Eulerian, namely, the indegree of a vertex must be equal to its outdegree.
Let b(m, n) denote the maximum integer, such that there exists an Eulerian bipartite digraph with vertex partition sizes m, n having b(m, n) edges and no directed cycle of length at most 4. A biregular bipartite digraph is an Eulerian bipartite digraph having the property that any two vertices in the same vertex class have the same indegree and outdegree.
The parameter b(m, n) has been studied by Brualdi and Shen in [3] , who proved b(m, n) < √ 17 − 1 mn/4. They conjectured (the case k = 2 of Conjecture 2 in [3] ) that b(m, n) ≤ 2mn/3. In this paper we prove this conjecture, and together with a well-known construction obtain that it is sharp. Furthermore, we obtain that the extremal graphs must be biregular. Our main theorem is the following: It is worth mentioning that in Theorem 1.1, if v is any vertex with maximum normalized degree (by "normalized degree" we mean the ratio between its outdegree and the cardinality of the opposite vertex class), then there exists a directed cycle of length at most four that contains v. Thus, there is also a linear O(mn) time algorithm for detecting such a cycle in these graphs; merely perform a breadth first search whose root is any vertex with maximum normalized degree.
Proof of the main result
Let G = (V, E) be an Eulerian bipartite digraph. We may assume that G does not contain antiparallel edges, since otherwise G has a directed cycle of length 2 and we are done. Fix v * ∈ V satisfying ρ v * = ρ. Without loss of generality, assume v * ∈ A (since otherwise we can interchange the roles of m and n, as we did not impose any cardinality constraints upon them). It clearly suffices to prove the following:
Proof:
We assume that no directed C 4 contains v * as a vertex. Let
Since no directed C 4 contains v * as a vertex, we must have that every w ∈ A appears in at least one of A 
(1) We now show that
By the definition of ρ, each column of M contains at least (1 − 2ρ)m entries equal to 0. Thus (f (4, 0) + f (5, 0))mn ≥ (1 − 2ρ) 2 mn as M 4 and M 5 together occupy (1 − 2ρ)n columns of M. Since M has exactly (1 − α)mn entries equal to 0, we have
By equality (2) we know that f (1, 0) = ρβ − f (3, −1) + f (3, 1) and by equality (1) we have f (3, −1) + f (3, 0) + f (3, 1) = ρ(1 − β). Using these equalities and inequality (4) we have Since G is bipartite Eulerian, the number of −1's in M equals the number of 1's in M . Thus,
proving inequality (b). Adding inequalities (a) and (b) we have 6ρ
£
Proof of Theorem 1.1: The last inequality shows that b(m, n) ≤ 2mn/3. Now, suppose G is an Eulerian bipartite digraph with edge density exactly 2/3 and no directed cycle of length at most 4. The last inequality shows that in this case we must have ρ = 1/3 = α/2. Hence, G must be biregular and the cardinality of each vertex class of G must be divisible by 3. For any pair m and n both divisible by 3 it is easy to construct a biregular Eulerian bipartite digraph with edge density 2/3 and no directed C 4 nor antiparallel edges. We use a construction from [3] . 
